We calculate the one-loop effective potential of a self-interacting scalar field on the spacetime of the form IR 2 ×H 2 /Γ. The Selberg trace formula associated with a co-compact discrete group Γ in P SL(2, IR) (hyperbolic and elliptic elements only) is used. The closed form for the one-loop unrenormalized and renormalized effective potentials is given. The influence of non-trivial topology on curvature induced phase transitions is also discussed.
Introduction
The effective action in quantum field theory in curved spacetime is the central object which, in principle, should define the dynamics of the early universe at scales bigger than the Planck scale. In particular, it should be relevant for the description of the inflationary universe (for a review see [1] [2] [3] [4] ) which may be based on some phase transition (for example induced by temperature [1] [2] [3] [4] ). Unfortunately there are a lot of difficulties in calculating the effective action in a quantum field theory in a general curved spacetime (for a review see [5] ). Therefore it is very natural to deal with some specific spaces which are interesting from the cosmological viewpoint. In this context it is significant to investigate the constant curvature compact spaces, contained in the well known class of the so-called Robertson-Walker space-time forms. The evaluation of the effective potential in self-interacting scalar field theories on curved backgrounds has a long history and many explicit calculations of effective potentials in different spacetimes have been done [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] (for a review see [5] ). The influence of nontrivial topology on the effective potential has been particularly studied in [17, 18, 19, 6, 14, 15] , concentrating however on spacetimes with vanishing curvature. Our main aim is, to analyze the influence of nonvanishing constant curvature together with nontrivial topology (see also [13, 21] ). As an example we choose the spacetime IR 2 ×H 2 /Γ, where Γ is a co-compact discrete group in P SL(2, IR) with hyperbolic and elliptic elements. For this spacetime the Selberg trace formula associated with Γ allows us to analyze several properties of the one-loop effective potential. (Note that recently the classification of topologies of hyperbolic universes has been discussed in ref. [22] .) The organisation of the paper is as follows. In section 2 the non-renormalized one-loop effective potential for a quartic self-interacting scalar field coupled to gravity is calculated using the Selberg trace formula. In section 3 the renormalization of the one-loop effective potential is performed. The analysis of the phase transition in the model is given in section 4, including some remarks on scalar electrodynamics on IR 2 × H 2 /Γ. Finally a short summary of our results is given in section 5.
Regularized one-loop effective potential
The concept of the effective action and the effective potential is well discussed in the literature [23] [24] [25] [26] , so the introduction of these quantities will be very brief. We consider a self-interacting scalar field coupled to gravity on the spacetime of the form M = IR 2 × H 2 /Γ. Here the group Γ in P SL(2, IR) = SL(2, IR)/{−1, 1} is a discrete co-compact group acting on the two-dimensional Lobachevsky space H 2 , i.e. the signature of Γ contains only hyperbolic and elliptic numbers. The bare Lagrangian density of the theory reads
where m is the mass of the field, ξ is the conformal coupling constant of the quantum scalar field φ to the gravitational field, represented by the scalar curvature R. Because H 2 /Γ is a constant curvature space, the concept of the effective potential is well defined [12] . Formally it is given in the form
with the purely classical part
and with the one-loop quantum corrections of the form
where µ is a normalization constant with dimension of length and the relevant Laplace-like operator A is given by
Using the zeta function prescription for the regularization of functional determinants [27] , [28] , equation (2.4) is given in the form (from now on we will write φ instead of φ c )
where ζ A (s) is the zeta function associated with the operator A. This means
with the eigenvalues Ω k , k = (j, n, l), of the operator A given by
where we introduced the notations
Here λ j are the eigenvalues of the Laplacian −∆ H of the hyperbolic spatial part H 2 /Γ of the manifold M, normalized to R H = 1, where R = −2R −2 H . The contribution of this part of the spectrum of the one-loop effective potential may be determined using the Selberg trace formula. This will be done in the following. First taking the limit L, β → ∞, we find
where we introduced the function
The series is absolutely convergent for Re s > 2. The necessary analytical continuation of equation (2.10) to s = 0 will be constructed using the Selbergs trace formula. Assuming that h(r) is analytic in the strip |Im r| < 1/2 + ǫ, ǫ > 0 and that h(r) = O((1 + |r| 2 ) −1−ǫ ) in the strip for r → ∞, it reads [29] , [30] , [31] 
Here F is a fundamental domain and its measure can be computed by the Gauss-Bonnet formula [30] , V (F) is the volume of the fundamental domain andĥ is the Fourier transform of h. The summation {P } Γ ({Q} Γ ) is taken over all primitive hyperbolic (elliptic) conjugacy classes in Γ, l(P ) is the length of a closed geodesic associated with the element P of the conjugacy class, χ is an arbitrary finite-dimensional representation of Γ (character of Γ) and finally n = n(Q) is the order of the class with representative Q. On the left-hand side the summation is over all solutions r j of the equations r 2 j = λ j − 1/4. Using equation (2.11), the analytic continuation of equation (2.10) is found to be
(δkl(P )) (2.12)
The contribution to the effective potential associated with the summation over hyperbolic classes, which we shall denote as V P , can be rewritten in terms of the logarithmic derivative of the Selberg type zeta-function 13) in the form [32, 33] 
Now using equation (2.9) and equation (2.6) all the information needed for the calculation of the one-loop quantum correction is known, the only thing to do is to find the derivative of equation (2.12) at s = 0. We will skip this intermediate step and go directly to the effective potential. In order to give the final result, it is useful to introduce some abbreviations. We will use
In terms of these, the non-renormalized one-loop effective potential, now including the for our calcutation necessary counterterms [34] , [35] , [24] , [7] , is
where for clarity we introduce the hyperbolic (respectively elliptic) contribution V hyp (φ) (respectively V ell (φ)),
In order to remove the dependence on the arbitrary parameter µ, let us now continue with the renormalization procedure.
The renormalization of the one-loop effective potential of a self-interacting scalar field in curved spacetime is by now well known (see for example [7] , [24] , [5] ), so our prescription will be brief. We fix the counterterms by the renormalization condition
For simplicity we restrict to the massless case m = 0 (so no Λ and κ renormalization is necessary), because our main aim is to analyze the influence of the curvature and toplogy on the phase transition. But in principle, nothing can prevent us from adding a nonvanishing mass, the calculation would only be slightly more difficult. Using equation (2.15) , the counterterms are found to be
It is seen, that the given counterterms differ from the counterterms derived in [7] for a selfinteracting scalar field theory on a smooth manifold. This may be traced back to the co-compact group Γ under consideration, due to which the manifold H 2 /Γ is no longer a smooth one. Introducing ǫ = ξ − 1 8 , after some calculation the final result for the one-loop renormalized effective potential reads
For the subsequent analysis of the phase transition, let us consider several limits. The small curvature case is very easily extracted from equation (3.3), we find
Let us once more stress the importance of the presence of the elliptic elements of Γ leading to obvious contributions in (3.4). The small background field limit is more difficult to obtain. We will not state explicitly the constant part Λ ef f of the potential (the so called cosmological constant), but concentrate only on the quadratic contribution. Introducing the functions C(n) = 
